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Propagating and evanescent modes in two-dimensional wire media
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Electromagnetic waves in an artificial medium formed by two mutually orthogonal lattices of thin ideally
conducting straight wiregeferred to as a two-dimensional wire medjuane considered. An effective medium
approach and a full-wave method based on the dyadic Green’s function and the method of moments are
developed. Effects of spatial dispersion, such as the appearance of anisotropy in a square lattice and an
additional extraordinary wave, as in crystal optics, are demonstrated. Evanescent waves with complex propa-
gation constants are found. The case when both forward and backward extraordinary waves with respect to an
interface exist simultaneously is observed and discussed. The effect of birefringence, so that one extraordinary
wave has the wave vector making a positive angle to the interface and the other has the wave vector making
a negative angle to the interface, is illustrated.
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I. INTRODUCTION tive permittivity at low frequencies given by formui@).
This model does not take into account spatial dispersion
which may be expected there in analogy with the one-

long time [1]. Such a medium is usually described at |0Wdimensional(1D) case. Also at the same time a 3D wire

frequencies as a uniaxial material, whose relative permittiv€sh grid with covalently bonded diamond structure was
ity dyadic can be written aghe wires are in the direction studied in[6]. Both connected and disconnected 3D lattices

have been studied ifV], where the presence of spatial dis-

€= en(Uyuy + uyuy) + €U, (1) persion in a 3D WM was demonstrated numerically for
propagating modes near the plasma resonance. For certain
propagation directions, the results [@f] can be directly ap-

> K2 plied to the present problem of two-set lattices, and when-
€= fh(l - —2p—> = Eh<l - EE) (2)  ever possible, we compare our results With Finally, a 2D

@€n WM was considered iri8] using a semianalytical method
Here €, is the permittivity of the host mediunk=w/c\e, based on the local field approach. The present effective me-
=koVen, andc is the speed of light. The constam}, (or the  dium and numerical methods significantly complement the
correspondingk,) is an equivalent “plasma frequency” that local field approach proposed [8].
gives grounds to call the wire medium an “artificial plasma.” Much more interest in wire media appeared at the end of
There exist different models for the plasma frequency, andhe last decade in connection with engineering of materials
we will use below the formula fok, obtained in[2]. How-  with negative parameters, sometimes calledble negative
ever, it has been shown that if the wave vector in a wirematerials(DNMs). The first DNM proposed by Smitét al.
medium(WM) has a nonzero component along the wires, thesonsists of a lattice of long metal strips and split-ring reso-
plasma mode(2) gives nonphysical resul{8]. The plasma  nators[9]. Now the wire medium is a commonly used com-

model has been corrected by introducing spatial dispersiogonent of artificial metamaterials for microwave and optical
(SD) into formula(2). A detailed study of wave propagation applicationg 10].

in an arbitrary tilted .wire medium slab, taking into account |, this paper we consider an artificial medium formed of
SD, was performed if4]. "

) L wo mutually perpendicular nonconnected wire arrésse
Not only arrays of wires along one direction have been Y Pep

. e -~~~ Fig. 1. We assume that the wire arrays are identical, the
studied before. An artificial structure, composed of infinite J i+ ¢ the |attice is equal toin thex, y, andz directions
wires arranged in a cubic lattice, joined at the corners of the, - 1ha radius of the wires is equalrtpyln'this case the Wir’e
lattice, was considered irb]. Such a medium is expected to |

. . . . attice is square in the plane of the wires, i.e., h® plane.
behave as an isotropic electromagnetic crystal with a N€93Ke assume that the wires are thin and take into account only

longitudinal currents. In the framework of the conventional
model it would be reasonable to suppose that such a medium

The wire medium(a medium formed by a lattice of ide-
ally conducting parallel thin wirgshas been known for a

wheree, is expressed by the plasma formula

*Electronic address: igor.nefedov@tkk.fi can be considered as a uniaxial crystal described by the per-
"Electronic address: ari.viitanen@tkk.fi mittivity dyadic (assuming that the direction is perpendicu-
*Electronic address: sergei.tretyakov@tkk.fi lar to the wire$
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FIG. 1. Geometry of the problem.

€= €U,y + &(uyu, +uu,), (3) dyadic Green’s function met_hod. In contrast [&), v_vhere
) only some types of propagating modes were considered, we
where g is expressed by the plasma formu. Note that pay the main attention to evanescent modes. Knowledge of
for the waves whose electric field vector lies in the plane ofgyanescent modes is especially important for applications of
the wires(interacting with the wiressuch a medium does 5 2p WM as an artificial plasma at low frequencies. We
not differ from a 3D artificial plasma formed by noncon- ghow that spatial dispersion causes the presence of waves
nected wires. with complex propagation constants in 2D WMs. For thin

_ Letus show that this model of the 2D WM is inconsistent, yires the results given by the EM and electrodynamical theo-
if the wave vector has components directed along the wires;es are in very good agreement.

similarly to the case of the usual 1D WM. Consider a rect-
angular waveguide, infinite along theaxis, with the cross Il. EFFECTIVE MEDIUM THEORY AND EIGENWAVES IN
sectiona X b, wherea andb are the sizes along theandz AN UNBOUNDED 2D WM

axes, respectively. The waveguide propagation constant for
the TM modes in a waveguide filled with a uniaxial crystal is
expressed by the formula

In the effective medium approach the 2D wire medium is
considered as a homogeneous anisotropic medium with spa-
tial dispersion. For considering a 2D wire medium let us take
K, = \/et[ké— (k§ T k§)/eh], (4) a case where the wires are along thandz directions. We
consider waves in unbounded space filled with a 2D wire
wherek,=mm/a, k,=nm/b, andm andn are integers(We  medium, assuming the space-time dependence of fields as
assume the relative permeability of all considered mediai(«t-kxky-2 Because of spatial dispersion the crystal is
equal to unity Let that uniaxial crystal be a 2D WM and anisotropic even in thgz plane, although the cell is square,

both of the wire arrays be perpendicular to thexis. We je., the 2D WM is a biaxial crystal with the permittivity
obtain a preposterous result: The lower the frequency, theyadic

larger is the number of modes that propagate in the wave- _
guide, sinces, <0 at low frequencies. Thus we come of ne- €= €Uy + € UyUy + €U, (5)
cessity to use the same model, taking into account spatig{here[3,7,8,10,11

dispersion, as for the 1D wire mediuf8]. A simple plasma
model, generalizing the 1D caf®], was proposed ifpl1].

1.5+
The artificial wire medium has features that are not found
in any known natural media. First, the wires can be made Kk
. . . . p
very long in comparison with the wavelength. That is why
SD is observed here at very low frequencies in contrast with 1+

other media, where SD appears when the wavelength of elec-
tromagnetic(excitonic, exchange spin, etavaves becomes
comparable with the lattice constant. Moreover, very impor-
tant for us is a class of evanescent modes that we consider in 0:57
the problems of reflection from the WM, wave tunneling
through a thin slab of a WM, or the waveguide problem,
where the WM introduces specific boundary conditions for
the medium supporting the wave propagation. 0/t 05 0 o/
In this paper we study in detail the eigenvalue problem in
a 2D WM. To solve this problem we use the effective me- FIG. 2. Surface of the normalized frequenkyk, versus the
dium (EM) approach and a numerical model, based on thenglesé and ¢ calculated forgL=0.47 andk,L=1.38.

0.5
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K2 K2 iting spatial dispersion, and we do not know any similar
€ = €n 1__p_k(2)e —5 ) &= e __Lkge ) (6)  natural materials.
Ky h "z Considering an arbitrary direction of wave propagation in

space, the wave vector ks=k,u,+k u,+ku,. Substituting
Note that the mode(l6) works for both real and imaginaky ~ the expressions for the permittivity dyadi6) and (6) into
andk, (evanescent wavgssee[3]). It is important that such  the Maxwell equations, we come to the following eigenvalue
a 2D WM is a unique “material” among other media exhib- equation:

S keky K.k,
k2
Kk k2<1——p—>—k2—k2 kyk
det = Y K-k 7 =0. (7)
k2
Kk, k,K, k2<1 - F—?) ~KE- K
[
Determinani7) results in a fourth order equation fkt for a Assumingk,# 0 for the fields of extraordinary waves,

fixed setk,, k, and k, Let us denotek,=qcosé, k,  which is the most interesting case, for unbounded 2D wire
=gsinfdcose, k,=qsindsine. This way we parametrize media the following equations are obtained:

the k space by the numbey and the angle® and ¢. The

surface of the normalized frequengyk, versusé and ¢

consists of separate branches corresponding to different ké e — K2
propagating modes or passbands as illustrated in Fig. 2. The kE, + z H,=0,
lowest and two higher order modes are extraordinary modes Koe;

when#=/2. The second mode is an ordinary okeg, and
the propagation does not depend@at §=/2. It forms the

second passband whégp+ 0. Both the first and the second ke
modes cannot propagate in theirection, i.e., a¥=0, when KH, + —YEy =0. 9)
the electric field vector lies in the plane of the wires. Also the 7

first and the second modes cannot propagate atéaifiye
=0 or /2, where the vector of the electric field is parallel to
the wires of one of the lattices. In these special cases thdsing the effective medium model, we have the permittivi-
eigenvalue equation reduces k&=kZ+k;+k (propagation ties (5) and(6). In general, the plasma numbéts may be
in the xy plane and k2:k)2(+k§+k2 (propagation in thexz  different due to different dimensions and placements of wires
plane, respectively. The third anci’the fourth passbhands lie ifin they andz directions. Here, for simplicity, we assume the
the region above the plasma resonance and are presentedsame plasma numbers in theandz directions. After evalu-
surfaces, merged at=0 and /2 for identical wire arrays ating the dispersion relation, we have a cubic equatiotor
(having the same plasma frequengies

Let us consider in more detail one interesting special case,

namely, propagation in thgz plane. The wave vector ik K8 = (I + 12 + KA + T(I2 + K2 + K2)2 + K2K2TK2
=kyuy+k,U,, and the determinant equati¢r splits into two (I + e + kgl [ G + 1)+ gl ]
parts. This is also found when inserting the permittivity dy- ~ GG + K2+ 2k2) = 0. (10)

adic in the Maxwell equations: We can separate them into
two subsystems, describing ordinary and extraordinary

waves. For the ordinary waves, the equations are Assumingk, # 0 we can obtain for the extraordinary wave
) instead of Eq(9) a system of equations relating unknowns
—kH. + Ko€n — E =0 E, andH,, which results in the same equati¢tD).
Y kg Solving the cubic equatioil0) leads to three different
solutions, indicating three existing eigenwaves. Two of the
KEy— konHy =0 (8) eigenwaves exist near the plasma resonance and the third one

in the low frequency range. The propagating and evanescent
(denotingy as the free space wave impedanehich results  eigenwaves are studied in detail in Sec. IV. The propagation
in the propagation factor for the ordinary wa\k-ﬁr.:kz—ki. factor in thez direction is obtained from Eq10). Solutions
There are no effects due to wires for ordinary waves. for kZ have the form
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, 2K = 2KAR - BIAKE + 213K + K F K\ (K2 - KA[(2K2 + K2) — K242 + k)]

= 11
[
Thus, there exist four solutions fé, which are, in general, * *
complex numbers describing evanescent or propagating 27 >, e(2am)= X, Fle]l(m), (16)
waves in thez direction. The properties of the solutions of me—o0 me—2
Eqg. (11) are considered in detail in Sec. IV in comparison h
with numerical results obtained by the method described ifV"€"¢
the next section. o
Flel(m) = f P(x)e™dx. (17
I1l. INTEGRAL EQUATION AND DYADIC GREEN’'S
In this section we introduce an alternative approéulr cZ e i[Bay+ nZlg-ikuxgizmmxL
merical methoyl to find eigenwaves in a periodic 2D wire emm)= 2 X - Tkt 2mmiL - B
medium. We use the following representation of electric field == === Koén = (K + 27 no 7
induced by currents on the wires: (18)
__m o ) Denoting
E(r)=: G(r,r’)I(r")ds, (12)
ikoehJ s ”
1
where S is the surface of the perfectly conducting metal S:—\—/ > e(2mm), (19
wires on one period and the dyadic Green’s function has the me=o
form whereV=L3, using Eq.(18) and the Poisson summation rule
G(r,r)=(V V + ke G(r,r). (13 (16 we obtain
The scalar Green’s function for 3D periodic media is ex-_ 1
pressed as Y
1 o 22 gilatBynd o S e ikXgTitxIL gimt
GxyZxy,z)=-5 2> 2 2 ———, X erilBynd] dt.
L® m=-% n=-% |=-% Gmn n:z—gc |§x mgm — k(z)eh = (k, + t/L)2 - ﬁﬁ - ')/|2
(14) (20)
where we have denoted=x-x', y=y-y’, z=2-7, apn=k We introduce a new variablé=k,+t/L —t=L(&-ky); dt

*0y By=K,+0n, =K+, Gs=2ms/L, and gnn=kien—ay =L d& The integrand(20) has poles at the points,

- B5=f. The valuesfy=k,L, y,=kL and ¢,=kL have the =B+ -Ke, Calculating the integral by residuum
meaning of phase shifts per lattice peritd An integral  method, we obtain

equation(lE) is obtained by equating the left-hand side of

Eq. (12) to zero at points belonging to the surface of wires. 1 52 o gtlmiN
Under the assumption of thin wireg<L, ro<\, we neglect S=—5 2> X ellhrnd 3 grimix . (21
the azimuthal currents and the integral equation reduces to S — me—oo Loy
(2 2 2
’ ’ ’ ’ ’ r— Wheretm: \"ﬂn—'- ’)/|2_k06h.
LGYV(” ),(r)r” + LGYZ(” )3(r")dr’=0, 1 €S, Let us present the sum of series as
S=5(m=0) +S;(m# 0). (22
’ ! ! + ! ! ’ = .
LGZ))(r,r )Jy(r")dr LGZZ(r,r )J(r")dr’=0, TE€S Here
(15) @ ~
1 I e nIM
= g ilBy+nz] 23
SO 2L2n:2—oo I:E—oc tnI ( )
A. Transformation of Green’s function The seriesS, can be calculated $ﬁ+}/|2>k(2)6h using the
We will use the Poisson summation rule geometrical progression formula. It results in
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FIG. 3. Dispersion of low order propagating modes, calculated using electrodynamical and effective medium models in comparison with
numerical result$7]. Normalized frequency for the propagating modes versus the andle solid curves correspond to our numerical
results, the dashed curves correspond to the EM model, and the dotted curves shoW7esxitsiding the dispersionless moda). shows
the low frequency mode, anth) shows the two modes above the plasma resonance.

1 = B IV. MODES IN THE yz PLANE
S = 212 |—— % ” 5 ty) In this section extraordinary propagating and evanescent
”’"j"gn H=kotn B modes in theyz plane will be discussed, including complex
gtk @ txgtidtall waves. Results obtained using the effective medium ap-
1 — e (%cttal) + 1 -t |- (24) proach and the numerical Green'’s function method are com-
pared.

In the caseB+/<k3e, it is necessary to use the original
expressior(14) for calculation ofS;(m# 0) with finite num-

A. Propagating modes
bers ofn andl. pagating

Let us compare the known results obtained from numeri-
B. Solution of the integral equation cal calculation and the effective medium approach. Figure 3

Because the structure is homogeneous within periods iqemonstrates the dispersion characteristics qf a few Io_wer
they andz directions, it is natural to use exponential basesProPagating modes, calculated using the algorithm described
for the solution of the IE(12) by the method of moments above, the effective medium approach, and in comparison
(MOM), as in[7]. Let us expand the longitudinal currents With the results of7]. The parameters of the WM are taken
into series of exponents: the_ same as ifh7]: the wire ra(_jlugo:0.0_]L, wherelL is the

lattice constant, anéd=L/2 (Fig. 1). As in [7], we assume
Mo Mo that the modulus of the wave vector is fixegs0.177/L, and
iy =2 aehy, J,z)=2 ben?, (25 its components arg=q(0,cose,sin¢) (waves propagate in
1=0 1=0 the yz pland. The plasma wave number used in the EM
whereM+1 is the number of basis functions in the expan-formula(10) was calculated according to the mo@2], and
sion of the current. After application of the MOM to E42) it equalsk,L~1.38 for this geometryin [7] k,L~1.37 is
the following system of equations is obtained: used. Writing k,=q cos¢ andk,=q sin ¢, the cubic equation
(10) gives three different real solutions fkr These solutions
are also seen in Fig. 2 #=/2. There are three extraordi-
nary modes: One can propagate at very low frequencies, and
two others a little above the plasma frequency. Good agree-
M M ment between the results given by the Green’s function
sp sp_ _ method and the EM approach and a small differefiess
pz_%)aszy+p§_: b,Gz=0 (s=0,....M). (26) than 1% with [7] is observed. Figure 3 is separated into two
parts in order to show the difference between the results of
Expressions for the matrix elemen®/, GI7, G}¢, andG);  the EM and the full-wave solutions. This low frequency
are given in the Appendix. The solution, which can be eitheimode was missed by the authors [6%8]. Thus we have
k for fixed propagation constants, k, k, or one ofk,, &  shown that the EM modéill1) is applicable both at low and

=X, ¥, z, under fixedk and other propagation constants, is at quite high frequencies above the plasma resonance.
found by equating the determinant @6) to zero. Note that

our method, which exploits the three-dimensional dyadic
Green’s function, is the full-wave one in contrast to the sca-
lar local field approach8], where instead of summation of ~ Next, let us consider evanescent modes in the same me-
the series responsible for the periodicity on rexis, a sheet  dium, assuming|=q(0,i cose,i sin¢), q=0.17/L. With the
of average current was introduced. given parameter values the effective medium equatid

M M
> a,Gh+ 2 b,GP=0 (s=0,..,M),
p=0 p=0

B. Evanescent modes
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FIG. 4. Dispersion of evanescent modes, electrodynamical calcul@idid curve$ and the EM theorydashed curves

gives three real solutions fée Figures 4a) and 4b) present kyp=—k, +ikJ,
the results given by the effective medium and the full-wave
theories. Two modes were found a little below the plasma
resonancgsee Fig. 4o)] and the third one within the same
spectral range, as the lowest propagating mpoEmpare R
Figs. 3a) and 4a)]. ks ==k = k3, (27
Further, in contrast with the discussion below, we fix thewherek;:|Re(kz)|, K’=|Im(k,)|. The real and imaginary parts
normalized frequencyk and calculate the corresponding of , are shown in Fig. 5. It is remarkable that the EM
propagation constants andk,. Consider first the dispersion heory results coincide with a high accuracy with the results
diagramk, versusk, for a fixed k. The effective medium ¢ the numerical simulation. It means that these peculiarities
theory gives four solutions, two for each propagation direcf the wave process in a 2D WM can be described by the

'ﬂon. Figure 5 illustrates such dependence, calculatéd-at macroscopic model of an effective spatially dispersive me-
=0.27 and using both EM and electrodynamical models. Asgjym. If we consider the eigenvalue problem, these four so-

was shown irj8], a mode can propagate at very low frequen-j,ions are independent, but physically such solutions are
cies under ,cor)dmonsky>k, k=0; see Fig. 5, the curve nacceptable because the amplitude of the Poynting vector
marked byk; [k, =|Re(k,1)|, Im(k,)=0]. Since this solution || increase or decrease along the propagation direction,
is a real one, the corresponding hyperbolic-type dispersiogyhich is impossible in a lossless medium. However, if we

line can be called the isofrequency. At the same time, theombine the solutio27) in the form of standing waves with
second solution, shown by the curveky[K,  complex amplitudes

=Im(kp), Re(k,)=0], is purely imaginary ak,> k. .,
At k, <k there are four complex solutions: E.(2) = e,67%? cosk.z,

Kz =K. —iK.,

Kk =k, +ikj, E(2) = ee™?sin k,z,

1.04 o Es(2) = ;82 cosk.z,

z2

kL E(2) = 87 sink.z, (28)
this difficulty disappears because the time averaged Poynting
vector is zero at ang. That is why the basi§28) is more
appropriate than the exponential one at least for solution of
problems of wave reflection from an interface of a 2D WM.
These solutions suggest the possibility for existence of local-
k! ized electromagnetic fields near inhomogeneities.

0.5

C. Propagation in the z direction

0.0 r r r r . Next, let us consider an important case wikeandk, are
0.0 0.2 04 0.6 0.8 10 fixed and we have to determine the correspondind. et k,
kyL /n be real. Such a problem is necessary to consider when we
solve the problem of wave reflection from a medium inter-
FIG. 5. Dispersion diagrark, versusk,. The real and imaginary face, i.e.,k,=ksin¢, where ¢ is the incidence angle. Al-
parts of k, calculated using the electrodynamical modsblid  though the waves can propagate in a 2D WM even at very
curves and the EM theorydashed curves low frequencies, we always have the cége k and fall into
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2.5-: KL

FIG. 6. Real and imaginary parts &f, calculated using the
electrodynamical modegkolid curve$ and the EM theorydashed
curves. The dotted curve showk, given by the conventional
plasma model.

FIG. 7. Isofrequencies calculated latk,=1.35 and their sec-
tions by the linesk, =k sin ¢ are shown for different. Dashed and

. . . solid arrows show directions of the phase and group velocities,
the region of complex solutions fdt, (,=1 is assumed  (egpectively.

Two waves propagating or attenuating in both directions fol-

low from the EM theory(11). The conventional isotropic . _ .
plasma model leads to only one wave for a certain directionsemefj in(8]. In Fhe caseg=7/15 anq 0 both positive and
ko= VKe—IC. e= (1-K2/K2ey) hegative refractions take place for different waves.
narlge yl z d\‘.koe kV €= ¢h o/ Koer)- h lized f Finally, for k> K, both of the waves are propagating for-
ca ?E imaginary pzr.ts ?V%r?clés_t /e4n|orrr;]a|zg lre— ward waves. Electrodynamical calculations confirm the re-
gggggﬁhg féiferﬁ;ﬁg;el mlg d«:l%t red C:J:;r/aik. irsl timeaSIirr?;re sults of the effective medium theory with a high accuracy in
i ke K.=k./cos. and it is real ifk>K Z(E -1 ?s as¥ a wide spectral range including the regions of evanescent and
sumed)21_'h(pa solufion of the convention;i m%:jel is com- propagatir;]g wavegsee the solid and dﬁShed cur]:/ehs in Fig.
o - . . Note that pointK tot t -
ltcy urong bt andK, becaus  ghes an magt- 110 112 TG ST o e e of e by
nary value ofk, instead of a real one, obtained from the taking into account spatial dispersion leads to a considerably

::orrfect mI(E)deIi 1T hf\ cc?rre_ct, IrEnori 1compl|cated somtli)tnhs, folmore complicated structure of eigenwaves than the conven-
ow from Eq. (11). Analyzing Eq.(11), one can see that there tional model of an isotropic plasma, and it is in very good

exist three f(equency regions, corresponding to dlfrerenE\greement with the results of the full-wave analysis.
kinds of solution.

The first one is the low frequency baka< K,, where
V. PROPAGATION ALONG THE x AXIS

—

Klzkp\,;zw /iose. (29) We assumed above that the propagation condtans

sin g cosé equal to zero. In this section we consider the wave propaga-
) i ) tion along thex axis for the low frequency mode, shown by

There the propagation constdqtis complex despite the fact he pottom surface in Fig. 2. The results of detailed calcula-
that we have assumed the medium to be losslEss Fig. 6. ions of the propagation factds, using the EM and numeri-
Actually, there are two complex conjugate solutions for eachya models are presented in Fig. 8. Here the transverse wave
Rek;) >0. The complex waves in lossless media do nOlector lies on the diagonal of the lattice, i.&,=k, The
transfer energy and exist in stop bands of periodic structuregheory gives the formula
[12], ferrite films[13], and other media.

The second frequency areakg <k<K,. HereKj; is the =i 12 4 kykzkz9 o2 30
stop band edge: beyond this wave number the waves are X p= \s’rz—ki\e"kz— k_z ky 2 (30
V V4

propagating. At pointk, one of the solutions is zero and

within the rangek; <k<K, we have a forward wave and a which is illustrated in Fig. 8 with dotted curves. Evidently,
backward wave with respect to the interface, which followsk,— if k,—k, k,—k (kL=0.4a). The numerical results
from the analysis of the isofrequencies, presented in Fig. demonstrate a difference from the EM approack,ff — 7

for the cased=m/4. It means that one of the waves has aandk,—k. It is explainable because in continuous media a
positive projection of the wave vector on the interface innempropagation factor can go to infinity, but in periodic okgls
normal, while the other wave has a negative projection. The&annot exceedr for the fundamental spatial harmonic, and
propagation directions of the refracted waves can also bae observe higher order harmonics beyandsee the solid
found from the isofrequencies. In both these waves the groufines). At this point both dispersion branches cross. More-
velocity vector has a positive projection on the inner normalover, at this poink,=k andk,=k. This is the frequency point
and the refraction is positive. Similar isofrequencies are preat which two transmission-line modes appear propagating

046612-7



NEFEDOV, VIITANEN, AND TRETYAKOV PHYSICAL REVIEW E 71, 046612(2005

Waves can propagate in a 2D WM at very low frequencies
except in the propagation directions where the electric field
vector is parallel to one of the wire arrays. Trirefrigence can
be observed in the general case of plane wave refraction on
an interface of a 2D WM if the interface is parallel to one of
wire arrays. More refracted waves are obtained if the inter-
face is tilted with respect to the wires. Possible applications
of 2D WMs include antenna structures, low frequency filters,
frequency selective radomes, and double negative metamate-
rials.
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FIG. 8. Normalized propagation factey versus normalize#ty  of Finland and TEKES through the Center-of-Excellence
=k,, calculated folkL=0.4#. Solid and dashed lines show the real program.

and imaginary parts df,, respectively, calculated using the MOM.
Dotted lines illustrate the results obtained by the EM approach
(both real and imaginary parts &f). APPENDIX

_ . o The matrix element&}, G, G3f, G} are obtained after
alongy wires and along wires, whereas the polarization of sypstitution of expansiof®5) into IE (15), projection on to

these modes is alternating from one set of wires to anothahe respective functions, and double integrating over the sur-
(along thex axig). So the bisectorial in-plane propagation of face of conductors:

the eigenwave is in fact the superposition of two independent

waves. The EM theory, which loses the periodicity along the A BBy

x axis, cannot catch this effect. This is why in the vicinity of Gyy=¢ dxdzp dx'dz Gyy(r,r")e" Pl dy dy
this point the analytical curves disagree with the numerical r r 0-0

ones.

Also evanescent wavésnaginaryk,) for realk,=k, were o Y N cify o
considered. For the evanescent waves the results of the®yz= FdXd Fdx dy o s Gydr,r e dy dZ,
MOM and the EM theories are in quite good agreement, for
low magnitudes ofk, especially(the results coincide with Lo
graphical precision for the wave having the smallest kgal sp_ o i yZH By
and imaginaryk,). A similar difference ink, presented by Gzy= FdXd Fdx dz o Jo Gaylr.r)e P dz dy,
higher order harmonics in the MOM model and in the EM
model is observed at larger values lgf We can conclude Lol
that the EM theory is quite applicable for a 2D WM even if Gspzag dx dng dx'd ,f J G.(r .re " dz d7
k.# 0. Since fork,# 0 the waves cannot be separated into ~** J. T y 0 Jo Ar.r) '
ordinary and extraordinary ones, the effect of trirefrigence (A1)
should take place under plane wave refraction on an interface

of the 2D WM in the general case if one of the wire arrays isyherer is the contour the around the wire. Let us consider

parallel to the interface. the contour integrals
VI. CONCLUSION
. . . unt= § g tnilbx' | g1 Br(y=y") dx dy (A2)
We have illustrated with additional examples that two- y - dx'dy’

dimensional wire media should be described at low frequen-

cies by a model that takes into account spatial dispersion, and

is already known for conventional one-dimensional wire lat-

tices. Otherwise, nonphysical effects can be obtained. Strong U = jg e-tmlx-X’e-in(z—Z’){ dx dz} (A3)
spatial dispersion causes physical effects like the appearance z = . dx'dz |-

of anisotropy in lattices with square cells as well as the ex-

istence of an additional extraordinary wave. PropagatingExpressing x=rocos¢, y=rosing, z=rgsing, X
waves and evanescent waves with complex propagation coe, cos¢’, y' =rysin¢’, andz =rysin ¢’, the contour inte-
stants have been studied using the effective medium apyrals can be evaluated:

proach and numerical simulations. The excellent agreement

between the results given by both the models manifests that U;'Zz 2Wr0|0(\;c§'z_ iD;'Z) (A4)
mainly effective medium “plasma” effects are responsible for ' ’ ’
the wave properties of 2D WMs. wherely(x) is the zero order modified Bessel function,
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|- '
C;/],Z - rg[(tél)z + (k;,z)z - (t:ﬂ)z - (k;/,z + qn,l)z]y

DC/,lZ = 2r§[trl'|ltgl + ”,z(k{/,z + qn,l)]: (A5)

O =27(n,1)/L, t)=Relty), th=Im(ty), k; ,=Rek, ,), andkj ,=Im(k ;). According to formulagA5), the sign of the exponent
index does not matter. Then

8o B2 = K2eh) et tsl L (V) ,
Tl 1—e bl | 1 — @bl L=, B+ o > Ken,

s 2 |=—c0 tsl
GYSZ S (32 _ kgf ) *® (le)z (A6)
h
e D I e+ o < Kgen,
L m=—o | Omsi
where &, is the Kronecker symbol and
- ) ;) dxdz —_—
V;m = % g ilamxx)+y(z-2 )]{ o } = 27t gl o(V ErznI - iF?I), (A7)
r dx'dz
wherely(x) is the zero order modified Bessel function and
EY' = rgl(K)? = afy = (K, + )],
FI'=2rgk;(k; + ). (A8)

The next matrix elements are equal to

B[ | e @t |usup
Szp 1+1—e_i¢x_tspl‘+1_ei¢x—tspl' Zt ! etsp&' B§+'ys>kgfh,

sp
G)S’g: Bsy “ \/Ms/mp (A9)
where
i / np) dxdy
an:§ gilam(x=x")+Ba(y=y")] =271l ’W ’ AL0
y - dxrdyr o O(\ y yn) ( )
EY"=rel ()7 = o= () + o)),
F;"”: Zr(z)kg(k;/ +0n), (A11)
and
BpY e ¥ tpd- dixtod  TUPSUPS
;; °( 1+ 1 —e it tpd + 1 — @ttt thsy e tps‘s, B;z)+ yg > kgéh,
Gisz By F o \ympyms (A12)
- QL sm_z_ —L;mps domd. Ba+ ¥ < Kien.
Finally,
5Sp('y§_k(2)6h) ” e_iwx_tsr# eil//X—tsnL (U)S,I'T)Z ,
2 2| ieeut T Togueer ] g, 0 Pt e
% - Ke) - 5 W’ A1
- Kep,
_ s SL EE 9 ' ﬁ§+'y§<k(2)€h_
m=- n mns
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Let us analyze convergence of the series in the matrixo the termsU', V", and V™. Then only the first series in
elementgA6), (A9), (AlZ), and(A13). First we note that)?'  square brackets of the eleme@d andG3! converge as 17
decays as I/n or 1/l if n—e or |- due to the or 1/n% The seriesS,, under conditions likesZ+ ;<K
asymptotic behavior of the Bessel function. The same relatesonverge as 1. Other series converge exponentially.
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