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Electromagnetic waves in an artificial medium formed by two mutually orthogonal lattices of thin ideally
conducting straight wiressreferred to as a two-dimensional wire mediumd are considered. An effective medium
approach and a full-wave method based on the dyadic Green’s function and the method of moments are
developed. Effects of spatial dispersion, such as the appearance of anisotropy in a square lattice and an
additional extraordinary wave, as in crystal optics, are demonstrated. Evanescent waves with complex propa-
gation constants are found. The case when both forward and backward extraordinary waves with respect to an
interface exist simultaneously is observed and discussed. The effect of birefringence, so that one extraordinary
wave has the wave vector making a positive angle to the interface and the other has the wave vector making
a negative angle to the interface, is illustrated.
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I. INTRODUCTION

The wire mediumsa medium formed by a lattice of ide-
ally conducting parallel thin wiresd has been known for a
long time f1g. Such a medium is usually described at low
frequencies as a uniaxial material, whose relative permittiv-
ity dyadic can be written assthe wires are in thez directiond

e% = ehsuxux + uyuyd + ezuzuz, s1d

whereez is expressed by the plasma formula

ez = ehS1 −
vp

2

v2eh
D = ehS1 −

kp
2

k2D . s2d

Here eh is the permittivity of the host medium,k=v /cÎeh

=k0
Îeh, andc is the speed of light. The constantvp sor the

correspondingkpd is an equivalent “plasma frequency” that
gives grounds to call the wire medium an “artificial plasma.”
There exist different models for the plasma frequency, and
we will use below the formula forkp obtained inf2g. How-
ever, it has been shown that if the wave vector in a wire
mediumsWMd has a nonzero component along the wires, the
plasma models2d gives nonphysical resultsf3g. The plasma
model has been corrected by introducing spatial dispersion
sSDd into formulas2d. A detailed study of wave propagation
in an arbitrary tilted wire medium slab, taking into account
SD, was performed inf4g.

Not only arrays of wires along one direction have been
studied before. An artificial structure, composed of infinite
wires arranged in a cubic lattice, joined at the corners of the
lattice, was considered inf5g. Such a medium is expected to
behave as an isotropic electromagnetic crystal with a nega-

tive permittivity at low frequencies given by formulas2d.
This model does not take into account spatial dispersion
which may be expected there in analogy with the one-
dimensionals1Dd case. Also at the same time a 3D wire
mesh grid with covalently bonded diamond structure was
studied inf6g. Both connected and disconnected 3D lattices
have been studied inf7g, where the presence of spatial dis-
persion in a 3D WM was demonstrated numerically for
propagating modes near the plasma resonance. For certain
propagation directions, the results off7g can be directly ap-
plied to the present problem of two-set lattices, and when-
ever possible, we compare our results withf7g. Finally, a 2D
WM was considered inf8g using a semianalytical method
based on the local field approach. The present effective me-
dium and numerical methods significantly complement the
local field approach proposed inf8g.

Much more interest in wire media appeared at the end of
the last decade in connection with engineering of materials
with negative parameters, sometimes calleddouble negative
materialssDNMsd. The first DNM proposed by Smithet al.
consists of a lattice of long metal strips and split-ring reso-
natorsf9g. Now the wire medium is a commonly used com-
ponent of artificial metamaterials for microwave and optical
applicationsf10g.

In this paper we consider an artificial medium formed of
two mutually perpendicular nonconnected wire arraysssee
Fig. 1d. We assume that the wire arrays are identical, the
period of the lattice is equal toL in thex, y, andz directions,
and the radius of the wires is equal tor0. In this case the wire
lattice is square in the plane of the wires, i.e., thesyzd plane.
We assume that the wires are thin and take into account only
longitudinal currents. In the framework of the conventional
model it would be reasonable to suppose that such a medium
can be considered as a uniaxial crystal described by the per-
mittivity dyadic sassuming that thex direction is perpendicu-
lar to the wiresd
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e% = ehuxux + etsuyuy + uzuzd, s3d

whereet is expressed by the plasma formulas2d. Note that
for the waves whose electric field vector lies in the plane of
the wiressinteracting with the wiresd such a medium does
not differ from a 3D artificial plasma formed by noncon-
nected wires.

Let us show that this model of the 2D WM is inconsistent,
if the wave vector has components directed along the wires,
similarly to the case of the usual 1D WM. Consider a rect-
angular waveguide, infinite along thex axis, with the cross
sectiona3b, wherea andb are the sizes along they andz
axes, respectively. The waveguide propagation constant for
the TM modes in a waveguide filled with a uniaxial crystal is
expressed by the formula

kx = Îetfk0
2 − sky

2 + kz
2d/ehg, s4d

whereky=mp /a, kz=np /b, andm and n are integers.sWe
assume the relative permeability of all considered media
equal to unity.d Let that uniaxial crystal be a 2D WM and
both of the wire arrays be perpendicular to thex axis. We
obtain a preposterous result: The lower the frequency, the
larger is the number of modes that propagate in the wave-
guide, sinceet,0 at low frequencies. Thus we come of ne-
cessity to use the same model, taking into account spatial
dispersion, as for the 1D wire mediumf3g. A simple plasma
model, generalizing the 1D casef3g, was proposed inf11g.

The artificial wire medium has features that are not found
in any known natural media. First, the wires can be made
very long in comparison with the wavelength. That is why
SD is observed here at very low frequencies in contrast with
other media, where SD appears when the wavelength of elec-
tromagneticsexcitonic, exchange spin, etc.d waves becomes
comparable with the lattice constant. Moreover, very impor-
tant for us is a class of evanescent modes that we consider in
the problems of reflection from the WM, wave tunneling
through a thin slab of a WM, or the waveguide problem,
where the WM introduces specific boundary conditions for
the medium supporting the wave propagation.

In this paper we study in detail the eigenvalue problem in
a 2D WM. To solve this problem we use the effective me-
dium sEMd approach and a numerical model, based on the

dyadic Green’s function method. In contrast tof8g, where
only some types of propagating modes were considered, we
pay the main attention to evanescent modes. Knowledge of
evanescent modes is especially important for applications of
a 2D WM as an artificial plasma at low frequencies. We
show that spatial dispersion causes the presence of waves
with complex propagation constants in 2D WMs. For thin
wires the results given by the EM and electrodynamical theo-
ries are in very good agreement.

II. EFFECTIVE MEDIUM THEORY AND EIGENWAVES IN
AN UNBOUNDED 2D WM

In the effective medium approach the 2D wire medium is
considered as a homogeneous anisotropic medium with spa-
tial dispersion. For considering a 2D wire medium let us take
a case where the wires are along they andz directions. We
consider waves in unbounded space filled with a 2D wire
medium, assuming the space-time dependence of fields as
eisvt−kxx−kyy−kzzd. Because of spatial dispersion the crystal is
anisotropic even in theyz plane, although the cell is square,
i.e., the 2D WM is a biaxial crystal with the permittivity
dyadic

e% = ehuxux + eyuyuy + ezuzuz, s5d

wheref3,7,8,10,11g

FIG. 2. Surface of the normalized frequencyk/kp versus the
anglesu andw calculated forqL=0.4p andkpL=1.38.

FIG. 1. Geometry of the problem.
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ey = ehS1 −
kp

2

k0
2eh − ky

2D, ez = ehS1 −
kp

2

k0
2eh − kz

2D . s6d

Note that the models6d works for both real and imaginaryky
andkz sevanescent wavesd sseef3gd. It is important that such
a 2D WM is a unique “material” among other media exhib-

iting spatial dispersion, and we do not know any similar
natural materials.

Considering an arbitrary direction of wave propagation in
space, the wave vector isk =kxux+kyuy+kzuz. Substituting
the expressions for the permittivity dyadics5d and s6d into
the Maxwell equations, we come to the following eigenvalue
equation:

det =*
k2 − ky

2 − kz
2 kxky kxkz

kxky k2S1 −
kp

2

k2 − ky
2D − kx

2 − kz
2 kykz

kxkz kykz k2S1 −
kp

2

k2 − kz
2D − kx

2 − ky
2* = 0. s7d

Determinants7d results in a fourth order equation fork2 for a
fixed set kx, ky, and kz. Let us denotekx=q cosu, ky
=q sinu cosw, kz=q sinu sinw. This way we parametrize
the k space by the numberq and the anglesu and w. The
surface of the normalized frequencyk/kp versusu and w
consists of separate branches corresponding to different
propagating modes or passbands as illustrated in Fig. 2. The
lowest and two higher order modes are extraordinary modes
whenu=p /2. The second mode is an ordinary one,k=q, and
the propagation does not depend onw at u=p /2. It forms the
second passband whenkxÞ0. Both the first and the second
modes cannot propagate in thex direction, i.e., atu=0, when
the electric field vector lies in the plane of the wires. Also the
first and the second modes cannot propagate at anyu if w
=0 or p /2, where the vector of the electric field is parallel to
the wires of one of the lattices. In these special cases the
eigenvalue equation reduces tok2=kx

2+ky
2+kp

2 spropagation
in the xy planed and k2=kx

2+kz
2+kp

2 spropagation in thexz
planed, respectively. The third and the fourth passbands lie in
the region above the plasma resonance and are presented by
surfaces, merged atw=0 andp /2 for identical wire arrays
shaving the same plasma frequenciesd.

Let us consider in more detail one interesting special case,
namely, propagation in theyz plane. The wave vector isk
=kyuy+kzuz, and the determinant equations7d splits into two
parts. This is also found when inserting the permittivity dy-
adic in the Maxwell equations: We can separate them into
two subsystems, describing ordinary and extraordinary
waves. For the ordinary waves, the equations are

− kzHy +
k0

2eh − ky
2

k0h
Ex = 0,

kzEx − k0hHy = 0 s8d

sdenotingh as the free space wave impedanced which results
in the propagation factor for the ordinary wave:kz

2=k2−ky
2.

There are no effects due to wires for ordinary waves.

Assuming kzÞ0 for the fields of extraordinary waves,
which is the most interesting case, for unbounded 2D wire
media the following equations are obtained:

kzEy +
k0

2ez − ky
2

k0ez
hHx = 0,

kzHx +
k0ey

h
Ey = 0. s9d

Using the effective medium model, we have the permittivi-
ties s5d and s6d. In general, the plasma numberskp may be
different due to different dimensions and placements of wires
in they andz directions. Here, for simplicity, we assume the
same plasma numbers in they andz directions. After evalu-
ating the dispersion relation, we have a cubic equation fork2:

k6 − 2sky
2 + kz

2 + kp
2dk4 + fsky

2 + kz
2 + kp

2d2 + ky
2kz

2gk2

− ky
2kz

2sky
2 + kz

2 + 2kp
2d = 0. s10d

AssumingkyÞ0 we can obtain for the extraordinary wave
instead of Eq.s9d a system of equations relating unknowns
Ez andHx, which results in the same equations10d.

Solving the cubic equations10d leads to three different
solutions, indicating three existing eigenwaves. Two of the
eigenwaves exist near the plasma resonance and the third one
in the low frequency range. The propagating and evanescent
eigenwaves are studied in detail in Sec. IV. The propagation
factor in thez direction is obtained from Eq.s10d. Solutions
for kz

2 have the form
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kz1,2
2 =

2k4 − 2k2kp
2 − 3k2ky

2 + 2kp
2ky

2 + ky
4 7 ky

Îsky
2 − k2dfs2kp

2 + ky
2d2 − k2s4kp

2 + ky
2dg

2sk2 − ky
2d

. s11d

Thus, there exist four solutions forkz, which are, in general,
complex numbers describing evanescent or propagating
waves in thez direction. The properties of the solutions of
Eq. s11d are considered in detail in Sec. IV in comparison
with numerical results obtained by the method described in
the next section.

III. INTEGRAL EQUATION AND DYADIC GREEN’S
FUNCTION

In this section we introduce an alternative approachsnu-
merical methodd to find eigenwaves in a periodic 2D wire
medium. We use the following representation of electric field
induced by currents on the wires:

Esr d =
h

ik0eh
E

S

G% sr ,r 8dJsr 8ddS, s12d

where S is the surface of the perfectly conducting metal
wires on one period and the dyadic Green’s function has the
form

G% sr ,r 8d = s= = + k0
2ehI%dGsr ,r 8d. s13d

The scalar Green’s function for 3D periodic media is ex-
pressed as

Gsx,y,zux8,y8,z8d = −
1

L3 o
m=−`

`

o
n=−`

`

o
l=−`

`
e−ifamx̄+bnȳ+glz̄g

gmnl
,

s14d

where we have denotedx̄=x−x8, ȳ=y−y8, z̄=z−z8, am=kx
+qm, bn=ky+qn, gl =kz+ql, qs=2ps/L, and gmnl=k0

2eh−am
2

−bn
2−gl

2. The valuescx=kxL, cy=kyL and cz=kzL have the
meaning of phase shifts per lattice periodL. An integral
equationsIEd is obtained by equating the left-hand side of
Eq. s12d to zero at points belonging to the surface of wires.
Under the assumption of thin wiresr0!L, r0!l, we neglect
the azimuthal currents and the integral equation reduces to

E
S

Gyysr ,r 8dJysr 8ddr 8 +E
S

Gyzsr ,r 8dJzsr 8ddr 8 = 0, r [ S,

E
S

Gzysr ,r 8dJysr 8ddr 8 +E
S

Gzzsr ,r 8dJzsr 8ddr 8 = 0, r [ S.

s15d

A. Transformation of Green’s function

We will use the Poisson summation rule

2p o
m=−`

`

ws2pmd = o
m=−`

`

Ffwgsmd, s16d

where

Ffwgsmd =E
−`

`

wsxdeimxdx. s17d

In our case

ws2pmd = o
n=−`

`

o
l=−`

`
e−ifbnȳ+glz̄ge−ikxx̄e−i2pmx̄/L

k0
2eh − skx + 2pm/Ld2 − bn

2 − gl
2 .

s18d

Denoting

S= −
1

V
o

m=−`

`

ws2pmd, s19d

whereV=L3, using Eq.s18d and the Poisson summation rule
s16d we obtain

S= −
1

2pV

3 o
n=−`

`

o
l=−`

`

e−ifbnȳ+glz̄g o
m=−`

` E
−`

` e−ikxx̄e−itx̄/Leimt

k0
2eh − skx + t/Ld2 − bn

2 − gl
2dt.

s20d

We introduce a new variablej=kx+ t /L→ t=Lsj−kxd; dt
=L dj. The integrands20d has poles at the pointsjnl

=Îbn
2+gl

2−k0
2eh. Calculating the integral by residuum

method, we obtain

S=
1

2L2 o
n=−`

`

o
l=−`

`

e−ifbnȳ+glz̄g o
m=−`

`

e−imcx
e−tnlumL−x̄u

tnl
, s21d

wheretnl=Îbn
2+gl

2−k0
2eh.

Let us present the sum of series as

S= S0sm= 0d + S1smÞ 0d. s22d

Here

S0 =
1

2L2 o
n=−`

`

o
l=−`

`

e−ifbnȳ+glz̄ge
−tnlux̄u

tnl
. s23d

The seriesS1 can be calculated atbn
2+gl

2.k0
2eh using the

geometrical progression formula. It results in
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S1 =
1

2L2 o
n,l=−`,bn

2+gl
2
.k0

2eh

`
e−isbnȳ+glz̄d

tnl

3H etnlx̄e−icx−tnlL

1 − e−sicx+tnlLd +
e−tnlx̄e+icx−tnlL

1 − e+icx−tnlL
J . s24d

In the casebn
2+gl

2,k0
2eh it is necessary to use the original

expressions14d for calculation ofS1smÞ0d with finite num-
bers ofn and l.

B. Solution of the integral equation

Because the structure is homogeneous within periods in
the y andz directions, it is natural to use exponential bases
for the solution of the IEs12d by the method of moments
sMOMd, as in f7g. Let us expand the longitudinal currents
into series of exponents:

Jysy8d = o
j=0

M

aje
ib jy8, Jzsz8d = o

j=0

M

bje
ig jz8, s25d

whereM +1 is the number of basis functions in the expan-
sion of the current. After application of the MOM to Eq.s12d
the following system of equations is obtained:

o
p=0

M

apGyy
sp+ o

p=0

M

bpGyz
sp= 0 ss= 0,…,Md,

o
p=0

M

apGzy
sp+ o

p=0

M

bpGzz
sp= 0 ss= 0,…,Md. s26d

Expressions for the matrix elementsGyy
ps, Gyz

ps, Gzy
ps, andGzz

ps

are given in the Appendix. The solution, which can be either
k for fixed propagation constantskx, ky, kz or one ofks, s
=x, y, z, under fixedk and other propagation constants, is
found by equating the determinant ofs26d to zero. Note that
our method, which exploits the three-dimensional dyadic
Green’s function, is the full-wave one in contrast to the sca-
lar local field approachf8g, where instead of summation of
the series responsible for the periodicity on thex axis, a sheet
of average current was introduced.

IV. MODES IN THE yz PLANE

In this section extraordinary propagating and evanescent
modes in theyz plane will be discussed, including complex
waves. Results obtained using the effective medium ap-
proach and the numerical Green’s function method are com-
pared.

A. Propagating modes

Let us compare the known results obtained from numeri-
cal calculation and the effective medium approach. Figure 3
demonstrates the dispersion characteristics of a few lower
propagating modes, calculated using the algorithm described
above, the effective medium approach, and in comparison
with the results off7g. The parameters of the WM are taken
the same as inf7g: the wire radiusr0=0.01L, whereL is the
lattice constant, andd=L /2 sFig. 1d. As in f7g, we assume
that the modulus of the wave vector is fixed,q=0.1p /L, and
its components areq=qs0,cosw ,sinwd swaves propagate in
the yz planed. The plasma wave number used in the EM
formula s10d was calculated according to the modelf2g, and
it equalskpL<1.38 for this geometrysin f7g kpL<1.37 is
usedd. Writing ky=q cosw andkz=q sinw, the cubic equation
s10d gives three different real solutions fork. These solutions
are also seen in Fig. 2 atu=p /2. There are three extraordi-
nary modes: One can propagate at very low frequencies, and
two others a little above the plasma frequency. Good agree-
ment between the results given by the Green’s function
method and the EM approach and a small differencesless
than 1%d with f7g is observed. Figure 3 is separated into two
parts in order to show the difference between the results of
the EM and the full-wave solutions. This low frequency
mode was missed by the authors off7,8g. Thus we have
shown that the EM models11d is applicable both at low and
at quite high frequencies above the plasma resonance.

B. Evanescent modes

Next, let us consider evanescent modes in the same me-
dium, assumingq=qs0,i cosw , i sinwd, q=0.1p /L. With the
given parameter values the effective medium equations10d

FIG. 3. Dispersion of low order propagating modes, calculated using electrodynamical and effective medium models in comparison with
numerical resultsf7g. Normalized frequency for the propagating modes versus the anglew. The solid curves correspond to our numerical
results, the dashed curves correspond to the EM model, and the dotted curves show resultsf7g excluding the dispersionless mode.sad shows
the low frequency mode, andsbd shows the two modes above the plasma resonance.
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gives three real solutions fork. Figures 4sad and 4sbd present
the results given by the effective medium and the full-wave
theories. Two modes were found a little below the plasma
resonancefsee Fig. 4sbdg and the third one within the same
spectral range, as the lowest propagating modefcompare
Figs. 3sad and 4sadg.

Further, in contrast with the discussion below, we fix the
normalized frequencyk and calculate the corresponding
propagation constantskz andky. Consider first the dispersion
diagramkz versusky for a fixed k. The effective medium
theory gives four solutions, two for each propagation direc-
tion. Figure 5 illustrates such dependence, calculated atkL
=0.2p and using both EM and electrodynamical models. As
was shown inf8g, a mode can propagate at very low frequen-
cies under conditionsky.k, kx=0; see Fig. 5, the curve
marked bykz18 fkz18 = uReskz1du , Imskz1d=0g. Since this solution
is a real one, the corresponding hyperbolic-type dispersion
line can be called the isofrequency. At the same time, the
second solution, shown by the curvekz29 fkz29
=Imskz2d ,Reskz2d=0g, is purely imaginary atky.k.

At ky,k there are four complex solutions:

kz1 = kz8 + ikz9,

kz2 = − kz8 + ikz9,

kz3 = kz8 − ikz9,

kz4 = − kz8 − ikz9, s27d

wherekz8= uReskzdu, kz9= uImskzdu. The real and imaginary parts
of kz1 are shown in Fig. 5. It is remarkable that the EM
theory results coincide with a high accuracy with the results
of the numerical simulation. It means that these peculiarities
of the wave process in a 2D WM can be described by the
macroscopic model of an effective spatially dispersive me-
dium. If we consider the eigenvalue problem, these four so-
lutions are independent, but physically such solutions are
unacceptable because the amplitude of the Poynting vector
will increase or decrease along the propagation direction,
which is impossible in a lossless medium. However, if we
combine the solutions27d in the form of standing waves with
complex amplitudes

E1szd = e1e
−kz9z coskz8z,

E2szd = e2e
−kz9z sinkz8z,

E3szd = e3e
kz9z coskz8z,

E4szd = e4e
kz9z sinkz8z, s28d

this difficulty disappears because the time averaged Poynting
vector is zero at anyz. That is why the basiss28d is more
appropriate than the exponential one at least for solution of
problems of wave reflection from an interface of a 2D WM.
These solutions suggest the possibility for existence of local-
ized electromagnetic fields near inhomogeneities.

C. Propagation in the z direction

Next, let us consider an important case whenk andky are
fixed and we have to determine the correspondingkz. Let ky
be real. Such a problem is necessary to consider when we
solve the problem of wave reflection from a medium inter-
face, i.e.,ky=k sinu, where u is the incidence angle. Al-
though the waves can propagate in a 2D WM even at very
low frequencies, we always have the caseky,k and fall into

FIG. 4. Dispersion of evanescent modes, electrodynamical calculationssolid curvesd and the EM theorysdashed curvesd.

FIG. 5. Dispersion diagramkz versusky. The real and imaginary
parts of kz calculated using the electrodynamical modelssolid
curvesd and the EM theorysdashed curvesd.

NEFEDOV, VIITANEN, AND TRETYAKOV PHYSICAL REVIEW E 71, 046612s2005d

046612-6



the region of complex solutions forkz seh=1 is assumedd.
Two waves propagating or attenuating in both directions fol-
low from the EM theorys11d. The conventional isotropic
plasma model leads to only one wave for a certain direction,
namely,kz=Îk0

2e−ky
2, e=ehs1−kp

2/k0
2ehd.

Real and imaginary parts ofkz versus the normalized fre-
quencyk/kp are presented in Fig. 6 foru=p /4. In the simple
case of the conventional modelsdotted curved kz is imaginary
if k,K2=kp/cosu, and it is real if k.K2. seh=1 is as-
sumed.d The solution of the conventional model is com-
pletely wrong betweenK1 andK2 because it gives an imagi-
nary value ofkz instead of a real one, obtained from the
correct model. The correct, more complicated solutions, fol-
low from Eq.s11d. Analyzing Eq.s11d, one can see that there
exist three frequency regions, corresponding to different
kinds of solution.

The first one is the low frequency bandk,K1, where

K1 = kp

Î2

sinu
Î1 − cosu

cosu
. s29d

There the propagation constantkz is complex despite the fact
that we have assumed the medium to be losslessssee Fig. 6d.
Actually, there are two complex conjugate solutions for each
Reskzd.0. The complex waves in lossless media do not
transfer energy and exist in stop bands of periodic structures
f12g, ferrite films f13g, and other media.

The second frequency area isK1,k,K2. HereK1 is the
stop band edge: beyond this wave number the waves are
propagating. At pointK2 one of the solutions is zero and
within the rangeK1,k,K2 we have a forward wave and a
backward wave with respect to the interface, which follows
from the analysis of the isofrequencies, presented in Fig. 7
for the caseu=p /4. It means that one of the waves has a
positive projection of the wave vector on the interface inner
normal, while the other wave has a negative projection. The
propagation directions of the refracted waves can also be
found from the isofrequencies. In both these waves the group
velocity vector has a positive projection on the inner normal,
and the refraction is positive. Similar isofrequencies are pre-

sented inf8g. In the casesu=p /15 and 0 both positive and
negative refractions take place for different waves.

Finally, for k.K2 both of the waves are propagating for-
ward waves. Electrodynamical calculations confirm the re-
sults of the effective medium theory with a high accuracy in
a wide spectral range including the regions of evanescent and
propagating wavesssee the solid and dashed curves in Fig.
6d. Note that pointK2 corresponds to the edge of the pass-
band in the framework of the old model. Thus, the model
taking into account spatial dispersion leads to a considerably
more complicated structure of eigenwaves than the conven-
tional model of an isotropic plasma, and it is in very good
agreement with the results of the full-wave analysis.

V. PROPAGATION ALONG THE x AXIS

We assumed above that the propagation constantkx is
equal to zero. In this section we consider the wave propaga-
tion along thex axis for the low frequency mode, shown by
the bottom surface in Fig. 2. The results of detailed calcula-
tions of the propagation factorkx using the EM and numeri-
cal models are presented in Fig. 8. Here the transverse wave
vector lies on the diagonal of the lattice, i.e.,ky=kz. The
theory gives the formula

kx
2 = k2 − kp

2 ±
kykzkp

2

Îk2 − ky
2Îk2 − kz

2
− ky

2 − kz
2, s30d

which is illustrated in Fig. 8 with dotted curves. Evidently,
kx→` if ky→k, kz→k skL=0.4pd. The numerical results
demonstrate a difference from the EM approach ifkxL→p
and ky→k. It is explainable because in continuous media a
propagation factor can go to infinity, but in periodic oneskxL
cannot exceedp for the fundamental spatial harmonic, and
we observe higher order harmonics beyondp ssee the solid
linesd. At this point both dispersion branches cross. More-
over, at this pointky=k andkz=k. This is the frequency point
at which two transmission-line modes appear propagating

FIG. 6. Real and imaginary parts ofkz, calculated using the
electrodynamical modelssolid curvesd and the EM theorysdashed
curvesd. The dotted curve showskz given by the conventional
plasma model. FIG. 7. Isofrequencies calculated atk/kp=1.35 and their sec-

tions by the linesky=k sinu are shown for differentu. Dashed and
solid arrows show directions of the phase and group velocities,
respectively.
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alongy wires and alongz wires, whereas the polarization of
these modes is alternating from one set of wires to another
salong thex axisd. So the bisectorial in-plane propagation of
the eigenwave is in fact the superposition of two independent
waves. The EM theory, which loses the periodicity along the
x axis, cannot catch this effect. This is why in the vicinity of
this point the analytical curves disagree with the numerical
ones.

Also evanescent wavessimaginarykxd for realky=kz were
considered. For the evanescent waves the results of the
MOM and the EM theories are in quite good agreement, for
low magnitudes ofkx especiallysthe results coincide with
graphical precision for the wave having the smallest realky
and imaginarykxd. A similar difference inkx presented by
higher order harmonics in the MOM model and in the EM
model is observed at larger values ofkx. We can conclude
that the EM theory is quite applicable for a 2D WM even if
kxÞ0. Since forkxÞ0 the waves cannot be separated into
ordinary and extraordinary ones, the effect of trirefrigence
should take place under plane wave refraction on an interface
of the 2D WM in the general case if one of the wire arrays is
parallel to the interface.

VI. CONCLUSION

We have illustrated with additional examples that two-
dimensional wire media should be described at low frequen-
cies by a model that takes into account spatial dispersion, as
is already known for conventional one-dimensional wire lat-
tices. Otherwise, nonphysical effects can be obtained. Strong
spatial dispersion causes physical effects like the appearance
of anisotropy in lattices with square cells as well as the ex-
istence of an additional extraordinary wave. Propagating
waves and evanescent waves with complex propagation con-
stants have been studied using the effective medium ap-
proach and numerical simulations. The excellent agreement
between the results given by both the models manifests that
mainly effective medium “plasma” effects are responsible for
the wave properties of 2D WMs.

Waves can propagate in a 2D WM at very low frequencies
except in the propagation directions where the electric field
vector is parallel to one of the wire arrays. Trirefrigence can
be observed in the general case of plane wave refraction on
an interface of a 2D WM if the interface is parallel to one of
wire arrays. More refracted waves are obtained if the inter-
face is tilted with respect to the wires. Possible applications
of 2D WMs include antenna structures, low frequency filters,
frequency selective radomes, and double negative metamate-
rials.
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APPENDIX

The matrix elementsGyy
sp, Gyz

sp, Gzy
sp, Gzz

sp are obtained after
substitution of expansions25d into IE s15d, projection on to
the respective functions, and double integrating over the sur-
face of conductorsS:

Gyy
sp=R

G

dx dzR
G

dx8dz8E
0

L E
0

L

Gyysr ,r 8de−ibsy+ibpy8dy dy8,

Gyz
sp=R

G

dx dzR
G

dx8dy8E
0

L E
0

L

Gyzsr ,r 8de−ibsy+igpz8dy dz8,

Gzy
sp=R

G

dx dyR
G

dx8dz8E
0

L E
0

L

Gzysr ,r 8de−igsz+ibpy8dz dy8,

Gzz
sp=R

G

dx dyR
G

dx8dy8E
0

L E
0

L

Gzzsr ,r 8de−igsz+igpz8dz dz8,

sA1d

whereG is the contour the around the wire. Let us consider
the contour integrals

Uy
nl =R

G

e−tnlux−x8ue−ibnsy−y8dH dx dy

dx8dy8
J sA2d

and

Uz
nl =R

G

e−tnlux−x8ue−iglsz−z8dH dx dz

dx8dz8
J . sA3d

Expressing x=r0 cosf, y=r0 sinf, z=r0 sinf, x8
=r0 cosf8, y8=r0 sinf8, andz8=r0 sinf8, the contour inte-
grals can be evaluated:

Uy,z
nl = 2pr0I0sÎCy,z

nl − iDy,z
nl d sA4d

whereI0sxd is the zero order modified Bessel function,

FIG. 8. Normalized propagation factorkx versus normalizedky

=kz, calculated forkL=0.4p. Solid and dashed lines show the real
and imaginary parts ofkx, respectively, calculated using the MOM.
Dotted lines illustrate the results obtained by the EM approach
sboth real and imaginary parts ofkxd.
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Cy,z
nl = r0

2fstnl8 d2 + sky,z9 d2 − stnl9 d2 − sky,z8 + qn,ld2g,

Dy,z
nl = 2r0

2ftnl8 tnl9 + ky,z9 sky,z8 + qn,ldg, sA5d

qn,l =2psn, ld /L, tnl8 =Restnld, tnl9 =Imstnld, ky,z8 =Resky,zd, andky,z9 =Imsky,zd. According to formulassA5d, the sign of the exponent
index does not matter. Then

Gyy
sp=5

dspsbs
2 − k0

2ehd
2 o

l=−`

` F1 +
e−icx−tslL

1 − e−icx−tslL
+

eicx−tslL

1 − eicx−tslL
G sUz

sld2

tsl
, bs

2 + gl
2 . k0

2eh,

−
dspsbs

2 − k0
2ehd

L
o

m=−`

`

o
l

sVz
mld2

gmsl
, bs

2 + gl
2 , k0

2eh,

sA6d

wheredsp is the Kronecker symbol and

Vz
ml =R

G

e−ifamsx−x8d+glsz−z8dgH dx dz

dx8dz8
J = 2pr0I0sÎEz

ml − iFz
mld, sA7d

whereI0sxd is the zero order modified Bessel function and

Ez
ml = r0

2fskz9d
2 − am

2 − skz8 + qld2g,

Fz
ml = 2r0

2kz9skz8 + qld. sA8d

The next matrix elements are equal to

Gyz
sp=5

bsgp

2
F1 +

e−icx−tspL

1 − e−icx−tspL
+

eicx−tspL

1 − eicx−tspL
GUz

spUy
sp

tsp
e−tspd, bs

2 + gp
2 . k0

2eh,

−
bsgp

L
o

m=−`

`
Vz

msVy
mp

gmsp
e−iamd, bs

2 + gp
2 , k0

2eh,

sA9d

where

Vy
mn=R

G

e−ifamsx−x8d+bnsy−y8dgH dx dy

dx8dy8
J = 2pr0I0sÎEy

mn− iFy
mnd, sA10d

Ey
mn= r0

2fsky9d
2 − am

2 − sky8 + qnd2g,

Fy
mn= 2r0

2ky9sky8 + qnd, sA11d

and

Gzy
sp=5

bpgs

2
F1 +

e−icx−tpsL

1 − e−icx−tpsL
+

eicx−tpsL

1 − eicx−tpsL
GUz

psUy
ps

tps
e−tpsd, bp

2 + gs
2 . k0

2eh,

−
bpgs

L
o

m=−`

`
Vz

mpVy
ms

gmps
eiamd, bp

2 + gs
2 , k0

2eh.

sA12d

Finally,

Gzz
sp=5

dspsgs
2 − k0

2ehd
2 o

n=−`

` F1 +
e−icx−tsnL

1 − e−icx−tsnL
+

eicx−tsnL

1 − eicx−tsnL
G sUy

snd2

tsn
, bn

2 + gs
2 . k0

2eh,

−
dspsgs

2 − k0
2ehd

L
o

m=−`

`

o
n

sVy
mnd2

gmns
, bn

2 + gs
2 , k0

2eh.

sA13d
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Let us analyze convergence of the series in the matrix
elementssA6d, sA9d, sA12d, andsA13d. First we note thatUz

nl

decays as 1/În or 1/Îl if n→` or l →` due to the
asymptotic behavior of the Bessel function. The same relates

to the termsUy
nl, Vz

ml, andVy
ml. Then only the first series in

square brackets of the elementsGyy
sp andGzz

sp converge as 1/l2

or 1/n2. The seriesom under conditions likebs
2+gp

2,k0
2eh

converge as 1/m3. Other series converge exponentially.
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